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SEPARATION SCIENCE AND TECHNOLOGY, 19(4 & 5), pp. 337-355, 1984 

A Microhydrodynamic Model of the 
Sedimentation Process 

M. NONAKA and T. UCHIO 
DEPARTMENT OF MINERAL DEVELOPMENT ENGINEERING 
THE UNIVERSITY OF TOKYO 
TOKYO 11 3, JAPAN 

Abstract 

A microhydrodynamic model is proposed to evaluate the turbulent transport effects 
on the sedimentation behavior of fine solid particles. The model is deduced from a 
material balance in a turbulent field which includes concentration effects on the 
turbulent diffusion coefficients and the settling velocities of solid particles. Thc 
microhydrodynamic model can simulate the practical sedimentation behavior of solid 
particles not only in the steady state but also in the dynamic as well as the decay 
state. 

INTRODUCTION 

Processing of fine or ultrafine particles has been essential for separation 
operations involved not only in particulate processes but also in water 
treatment processes in which sedimentation of solid particles in gravity or a 
centrifugal field plays an important part. Most practical sedimentation 
processes must operate in turbulent states. Fine solid particles have only 
limited inertia and, hence, their sedimentation behavior is strongIy affected 
by turbulent motion in the surrounding fluid. 

Turbulent transport phenomena have been determined to be essential 
factors affecting the separation efficiencies in some separation processes ( I -  
8) .  Thus it has been considered that homogeneous turbulent diffusion 
dominates separation processes. In sedimentation processes, however, 
turbulent energy supplied from a localized source will not be propagated 
homogeneously into the suspension because of the segregated solids 
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338 NONAKA AND UCHIO 

concentration. Hence, the effect of turbulence on the sedimentation behavior 
of solid particles has to be described by a transport equation taking into 
consideration the dependence on the solid concentration. 

The authors started with a theoretical consideration on the particle 
behavior in a turbulent field which could be evaluated by a material balance 
equation. Mass transfers due to turbulent diffusion and gravity settling were 
defined as functions of the solids concentration. Thus a microhydrodynamic 
model was proposed for the sedimentation process of fine particles. The 
experimental work was carried out by using the electrode reaction technique 
in order to observe the dependence of sedimentation behavior on turbulent 
characteristics and to verify the proposed model. Thus the exponential 
profile of the solids concentration conventionally accepted in the description 
of the vertical distribution of solids particles in a homogeneous turbulent field 
( 9 )  has been revised through microhydrodynamic concepts. 

MICROHYDRODYNAMIC MODEL 

Consider material flows into and out of a minute space in a turbulent field 
involved in a continuous sedimentation process operated in a gravity field as 
shown in Fig. 1. The y coordinate is horizontal and at a right angle to the 
direction of flow in a rectangular clarifier; no variations are expected in this 
direction, so assuming 8y = 1 is reasonable. Thus the material accumulation 
in the space per unit time due to the horizontal nean flow is described by 

FIG. 1 .  Material flows in the sedimentation process. ( I ) ,  ( 1  ) ' :  due to main flow. (2). (2)': due to 
horizontal dii'fusion. ( 3 ) ,  ( 3 ) ' :  due  to gravity settling. (4), (4)': due  to vertical diffusion. 
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MICROHYDRODYNAMIC MODEL OF SEDIMENTATION PROCESS 339 

ax 
where u is the mean velocity of the horizontal flow and C, is the 
concentration of solid particles in the ith class of size fractions on a volume 
basis. 

The material accumulated due to gravity settling is 

a z  
where vS,; is the settling velocity of particles in the ith size fraction, while the 
material accumulation due to turbulent diffusion is 

a ( 2 )  d x d z  
a 
- (Dt,.:) ax az +- D,, - 
ax az 

where the turbulent diffusion coefficients in the horizontal and vertical 
directions are assumed to be independent of the particle size. The solid 
concentration at a fixed point must not be changed in the steady state. Hence, 
in this state, the material balance is written as 

The settling velocity and the turbulent diffusion coefficients should depend 
on the solids concentration. Assume here that they can be written as 

where vO,i is the settling velocity of a single particle in the zth size fraction, 
while Do.x and Do,, are the turbulent diffusion coefficients of a single particle 
in the x- and z-directions, respectively. The parameters a l ,  a2,  P I ,  and p2 are 
determined by the physical properties, or especially rheological charac- 
teristics, of the solid-liquid system. 

Then assuming that the horizontal mean velocity is uniformly distributed 
in the z-direction and also that the horizontal turbulent transportation can be 
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340 NONAKA AND UCHIO 

disregarded, the sedimentation behavior observed in the coordinate system 
translating with the horizontal flow might be described by 

- ( v , , ; . c ; + D l ~ z ~ )  = o  
dz dz 

Moreover, we can rewrite Eq. (1) as 

which represents a batch sedimentation process. Then, putting o2 = 0 and 
pz = 0, the batch sedimentation behavior of solid particles can be revealed 
analytically in the steady state. It is given by 

where Ci,-, is the solids concentration on the level of z = ZO. Equation ( 7 )  has 
been widely accepted as the description of stationary batch sedimentation 
behavior in a homogeneous turbulent field (59. It should, however, be 
reasonable that Eq. (7) has to be revised by considering concentration effects 
on the settling velocity and the turbulent diffusion coefficient. 

Homogeneous turbulence is rarely observed in practical sedimentation p r e  
cesses because locally supplied turbulent energy decays into the bulk of the 
suspension during propagation. Assuming that the energy spectrum function 
of turbulence is holomorphic at time t = 0 and is given by the first term of the 
Taylor expansion (lo), the stochastic mean of the fluctuating velocities and 
the Eulerian integral space scale written as a decay process are given by 

and 

At. = ( 2 ~ v t ) ” ~  (9)  

except in the vicinity of the source of turbulence where y is a constant 
determined by the energy spectrum function and v is the kinematic 
viscosity (lo, 17). 
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M I C ROH Y D RODY N AM IC MOD EL OF SED I M E NTATl ON PROCESS 341 

A stochastic mean of the fluctuating velocities observed at a short distance 
Then Eqs. (8) and (9) are from the source of turbulence is denoted by 

rewritten as 

and 

where to is derived from 

1 /2  (z)1/2 = ( 5 y ) ( 2 v t p 4  

and L is the distance from the observed point. Hence, considering only 
vertical propagation of turbulent energy, the turbulent diffusion coefficient of 
the fluid element is given as a function of location by 

where 11 is the coefficient determined by the relation between Lagrangian and 
Eulerian turbulent characteristics, which has been recognized as 0.4 in 
homogeneous turbulence (11). Thus the sedimentation process described by 
Eq. ( 1 )  should be analyzed for by using Eqs. (4) and (13) in case locally 
supplied turbulent energy is propagated. 

TURBULENT CHARACTERISTICS IN SEDIMENTATION PROCESS 

Experimental 

A number of methods, techniques, and instruments have been developed 
and used for the observation of the structure of turbulence, viz., hot wire or 
hot film anemometer methods, flow visualization techniques, electro- 
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crwaii.:d ?ietlrwk utiliLation of pressure sensors, application of image 

ro4e reactmn method was selected for our experiment because 
rrstics could be detected on a minute scale and in a simple 
eover, the electrode reaction technique can be applied to a 
not only a continuous phase but also a dispersed phase. 

id consisted of potassium ferrocyanide, potassium ferri- 
r ati~dr, :mtdssiu!m chloride. and deionized watx.  The concentrations of 

cais were 0 003, 0.003, and 0.2 mol/L, respectively. The 

phw~drode arrays, utilization of lase1 Doppler effects, etc. 

Fe(GN)i-  + e --t Fe(CN): at cathode 

~ m c m  LLirienl 15 determined by the flow velocity of the liquid in the 

*$he c a t h d e  was made of a platinum wire of 0.5 mm diameter which was 
h,, glass except fo i  the front surface, while ii rectangular silver plate of 

I tjtlckiiesc v ~ a s  used as the anode. The cxperlmental apparatus is 
a E ig 2 A cylindrical tank made of transparent acrylic resin with an 

~i:iitli J r m v a r  $I' 240 inin was used as the sedimentation vessel for batch 

63itCi pdtiiclts~, weie mixed with the reaction liquid to attain a pre- 
n i m e ~ i  level of the sotid concentration in the sedimentation vessel. Then 

ulent entrgy was supplied into the suspension through honzontal- 
rods which were arrayed at regular intervals in the vessel. The 
also be partially detached in case turbulent energy was supplied 

I D I I S L ~  irito the suspension. 'The intensity of turbulence in the 
i m  I e5sei was controlled by the rotational speed of the horizontal 

Y'hr I : i i f k i ~ i o i i  currant betweeri both electrodes was converted to voltage 
b:ie a d o g  Signal was acquired at def nite time intervals in the 

u m m o ~  equipped with A/D converter. The digital output of the 
I - v, d~ :I an(.ported to the inicrocomputer system in which turbulent 

-ri"r1sr ic\ w v e  calcdated 
;nti:~,~,?Es z4ed  we quartL and alumina particlcs. The former was 

L izb t n  srec5 cst iess than 44 ,urn. while tht: latter was classified into 
8 \  of five different sizes. The size distributions of the materials, as 
er! hy 3 t a m  dnffi.action method (MICROTRAC), are illustrated in 

l/nciiil'y of -the ea:iiode (22, I S ) .  

pe at:o 1. 
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1 

FIG, 2. Experimental system: ( 1 )  sedimentation vessel, (2) rotating rods. ! 3 !  ii10t01. (4) 
controller, ( 5 )  cathode, (6) anode, ( 7 )  mercury battery, (8) rheostat. (9) volt meter, ( i C 1 )  

standard resistance, ( 1 I )  amplifier, ( 12) transient memory. ( I  3) microcoir:puter sysfem. 

Fig. 3. Median will be accepted as a representative size of the dabs i f i ed  
alumina particles in the following description. The sedimentation behavior 
was observed by sampling through the pores arrayed on the side walls of the 
sedimentation vessel. 

RESULTS AND DISCUSSION 

It  has been confirmed that the relation between the flow velocity of rhc 
suspension and the diffusion current is described by 

where I is the diffusion current and u is the flow velocity, while ck arid 1; arc 
constants determined by the properties of the electrodes and the whd-liqliu 
system. The diffusion current as well as the flow velocity are cornpowA rrf the 
mean and the fluctuating components. Hence. w e  can distangiaisli t*ie 
fluctuating velocity by 

u' = (I'/u){(I'/u) + 2, U }  ( 1 2 )  

where t i  and I '  denote the fluctuating components, while il i s  the ~ l i t .~ i : i  

velocity. 
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1 

0.8 

- 0.6 
I - 
cl 

0 . 4  

0.2 

0 

FIG. 3. Size distribution of materials: ( I )  alumina, dp = 5 pin; (2) alumina, dp = 7.5 pm; (3) 
alumina, dp = 10 pm; (4) alumina, dp = 15 pm; (5) alumina dp = 20 pm; (6) quartz. 

Dependence of the fluctuating velocity on the solids concentration was 
observed in relatively strong turbulent fields in *which segregation of solid 
particles due to gravity settling was not completely realized. The results in 
the case of alumina particles are shown in Fig.. 4, where U;, denotes the 
fluctuating velocity of the medium containing only the continuous phase and 
all data have been observed in the case where constant turbulent energy was 
supplied into a unit mass of the suspension per unit time. Thus we can predict 
the relation between the fluctuating velocity and the solid concentration as 

where and t2 are constants determined by the physical properties of the 
suspension and u ' ~  can also be considered as the fluctuating velocity of a fine 
single particle. Moreover, Eq. (16) has been confirmed to be valid for a 
suspension containing quartz particles in a polydispersed state. 
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1 

0.9 

- 
I 

- 0.8 
N [ 0.7 

0.6 

0.5 
0 0.05 0.1 0 .15  

~ c i  ( - )  

FIG. 4. Dependence of the fluctuating velocity on the solid concentration: ( 1) alumina, dp = 20 
pm, (0) Do = 1.13 X m2/s; (2) alumina, dp = 5 pm, 

( 0 ) D o =  1.13X 10-5m2/s , (V)D0= 1.82X 10-5mm2/s. 
m2/s, ( A )  DO = 1.82 X 

Effects of the solid concentration on the time and space scale of turbulence 
have been discussed in terms of the Eulerian correlation function of the 
fluctuating velocities. The Eulerian velocity correlation function, defined 
by 

R E ( T )  = u ’ ( t ) * u ’ ( t  + T ) / P  (17)  

is shown in Fig. 5 .  Thus it is found that the correlation function can be 
written as 
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NONAKA AND UCHIO 

1 Lit infcgml time scale should be affected by the physical properties of the 
LE lj;ti',ion as d~own in Fig. 5.  

hrwitier scale of turbulence. or the integral space scale, should be derived 
I r a n  tile longitudinal or the transverse velocity cclrrelation function. We can, 
?iuweti.r, define a space scale of turbulence more straightforwardly as 

T+v space scale must be approximately consistsnt with the integral space 
<ir̂ blf: of the longitudinal velocity correlation function. Therefore, the 
,ur5ulent diffusion coefficient in the mean flow direction can be written as 
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MICROHYDRODYNAMIC MODEL OF SEDIMENTATION PROCESS 347 

where q is equivalent to the coefficient irivolved in Eq. (13). 
The effect of solid concentration on the turbulent diffusion coefficient in 

homogeneous turbulence is shown in Fig. 6, where solid lines are drawn 
through least square treatments according to the same functional form as 
Eqs. ( 3 )  and (4). As can be seen, the assumptions provided to build up the 
microhydrodynamic model must be reasonable. Moreover, Eq. (2). which 
represents the concentration effect on the settling velocity, has been widely 
used to analyze for the sedimentation behavior of solid particles (j: 14- 
16). 

The propagation of turbulent energy locally supplied into the stispension 
has also been experimentally studied. The decay behavior of the fluctuating 

containing only a continuous phase in the vicinity of the surface level of the 
sedimentation vessel is illustrated in Fig. 7. In Fig. 7, the solid lines were 
drawn by using Eqs. ( 10) and (1 2). Thus it has been proved that these 
equations are validated for the description of the decay characteristics of 
turbulence, which has also been confirmed by the experimental verification 
of Eq. ( I  I). 

velocity in the case of a fixed turbulent energy supplied into a n d :  $ U r n  

1 

- 
I - 0.8 
0 

Q 

\ 

e 0.6  
n 

0.4 
0 0.05 0.1 0 . 1 5  

FIG. 6. Dependence of the turbulent diffusion coefficient on the solid concentration: 
alumina, dp = 20 pm; (2) alumina, dp = 5 pm; (3) quartz. 
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1 .  

0.5 

0.1 

0.05 

0.01 
0 0 .1  0 .2  0 . 3  

L ( m )  

FIG. 7. Decay of the fluctuating velocity in continuous phase: ( 1 )  Do = 1.22 X m2/s, 
(2) Do = 8.04 X lop5 m2/s, (3) Do = 3.64 X lop5 m2/s, (4) DO = 2.40 X lop5 m2/s, 

(5 )  Do = 1.58 X lo-’ m2/s. 

NUMERICAL ANALYSIS AND VlfRlFlCATlON 

The proposed microhydrodynamic model has been evaluated from the 
viewpoint of solid concentration profiles in the sedimentation vessel. As a 
first step, the effects of the parameters involved in Eqs. (2) and (4) on the 
concentration profile have been numerically analyzed in various types of 
suspensions, some of which are shown in Fig. 8. The results were obtained 
by the batch sedimentation process in steady state where the sources of 
turbulent energy were uniformly distributed. Then a few of them were 
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1 

0.8 
- 

I - 0.6 
I 

' 0.4 
N 

0.2 

n ., 
0.01 0.05 0.1 0.5 1 

FIG. 8. Effects of the parameters a , ,  " 2 .  81, and P 2  on the steady-state-concentration profile of 
polydispersed alumina particles (dp = 5-20 pm) at 00 = 1.10 x lo-' m 2 / s :  (1) a1 = 0, 
a2 = 0, PI = 2 ,  p 2  = 4; (2) a1 = 0, a 2  = 0,  81 = 1, P2 = 4; (3) a1 = 0, f f 2  = 0,  PI = 0. 
~2 = 0; (4) at = 0.5, " 2  = 4, = 1, a2 = 4, PI = 0,  P 2  = 0; ( 6 )  "1 = 2, = 0, S2 = 0: (5) 
az = 4. Dl = 0, P I  = 0; (7)  a1 = 1, a 2  = 3 ,  P I  = 1 ,  P2 = 4.5. (Plots are experimental 

results.) 

compared with experimental results observed in suspensions containing 
alumina particles. 

We find that the larger the parameter P I  or p 2 ,  the more widely distributed 
is the concentration, while the parameter aI or a2 has an inverse effect on the 
concentration profile. Moreover, it is confirmed that the practical sedimenta- 
tion behavior can be explained by the microhydrodynamic concept, and that 
the conventional model, which has been derived by disregarding concentra- 
tion effects on the turbulent diffusion coefficient as well as on the settling 
velocity, cannot draw a precise picture of the sedimentation behavior of solid 
particles in a turbulent field. 

The dependence of sedimentation behavior on the intensity of turbulence 
has also been analyzed for and verified through a series of experiments 
carried out for various types of suspensions composed of classified alumina 
particles (Fig. 9). As can be seen, a small change in intensity has a significant 
effect on the concentration profile. 

In order to evaluate the dynamic behavior of the sedimentation process, 
Eq. (6) has been numerically analyzed by the explicit finite difference 
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1 

0.8 

- 
I 

v 0.6 

I 

.. 0.4 
N 

0.2 

Ti 6 01 0.05 0 . 1  0 . 5  1 

FIG. 9. Ett’ect of the turbulent diffusion coefficient on the concentration profile of polydispersed 
alumina particles (dp = 5-20 pm): ( 1 )  00 = 7.50 X lop6 ni2/s, (2) 00 = 1.10 X lo-’ m2/s, 
(3) 00 = 2.20 X lo-’ rn2/s, (4) 00 = 4.60 X lop5 m2/s. (Solid lines correspond to a1 = 1, 

a2 = 3, = 1. and Bz = 4.5, while plots are experimental results.) 

method recently developed to solve nonlinear parabolic differential equations 
(18). Variations of the solid concentration on it  fixed level with time are 
analyzed in turbulent fields where the sources of turbulence are uniformly 
located in the sedimentation vessel. Some of them are compared with 
experimental results and illustrated in Figs. 10 and 11. As can be seen, the 
solid concentration varies with time in a complicated manner through the 
intensity of turbulence and the particle size, especially in the initial stage of 
the process. 

Turbulent energy is often locally supplied in the separation vessel in 
practical operation. In the sedimentation process this phenomenon can be 
observed in the case where the feed slurry is poiired on the surface level of 
the sedimentation vessel or in the case where a ,disturbance is generated on 
the lower level of the vessel due to discharge of the sediments. Some of the 
numerical results obtained from Eqs. (2 ) ,  (4), (6) ,  and (13) in the steady 
state are shown in Figs. I 2  and 13. In Fig. 12 the concentration profiles were 
obtained in a polydispersed system where the turbulent energy was supplied 
locally on the lower level of the suspension. The concentration profiles in a 
monodispersed system where turbulent energy was supplied on the upper 
level only are illustrated in Fig. 13. The numerical results are compared with 
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1 

0.9 

- 
I 0.8 

v 

O, 
.r 
V , 0 . 7  
.- 
u 

0.6 

0.5 1 I I 

0 100 200 300 

t ( 5 )  

FIG. 10. Dynamic behavior of the sedimentation of monodispersed alumina particles 
(dP-  lG~m)observedatz /H=0.87: (1)Do ~ 0 . 3 2  X 10-r4m2/s , (2)D0= 0.11 X 10-4m2/s, 
( 3 )  Do = 0.25 X lop5 m2/s. (4 )  Do = 0.10 X m2/s. (Solid lines correspond to a1 = 0.8. 

az = 3 ,  pi = 0.8, and p2 = 4.5, while plots are experimental results.) 

practical sedimentation behavior. They show satisfactory agreement under 
various conditions. 

Thus it has been shown that the microhydrodynamic model deduced from 
a consideration of the dependence of the turbulent transport phenomena on 
the solid concentration can be more valid for a description of sedimentation 
behavior than the conventiona! model. It might, however, be somewhat more 
complicated to determine the parameters, depending on the physical 
properties of the suspension. The dependence on rheological properties of 
suspensions will be elucidated in future work. 

CONCLUSIONS 

A microhydrodynamic model has been derived from a simple mass 
balance equation in which mass lransfers due to turbulent diffusion and 
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1 

0.8 

' 0 .6  

0, 

v 

.r 
0 

' 0.4 
.r 
V 

0.2 

0 
0 100 200 300 

t ( s )  

FIG. 1 1 ,  Dynamic behavior of the sedimentation of rnonodispersed alumina particles 
(dp=20pn)observedatr/H=0.87:(1)Do=0.32X 10-4m2/s , (2 )D~=0 .11  X 10-4m2/S, 
( 3 ) D o  = 0.25 X m2/s, (4)D0 = 0.10 X lop5 mz/s. (Solid lines correspond to a1 = 0.65. 

q = 3, p,  = 0.65, and p2 = 4.5, while plots are experimental results.) 

gravity settling are considered to depend on the solids concentration. The 
dependence of the turbulent diffusion coefficient on the solids concentration 
in the sedimentation process has been verified through a series of experi- 
ments on the fluctuating velocity and the Eulerian velocity correlation 
function in a sedimentation vessel with a mixing device. The sedimentation 
process in heterogeneous turbulence has been analyzed by applying the 
decay theory of turbulence. The concentration profiles have been numerical- 
ly analyzed for not only in the steady state but also in the dynamic state. 
They have been compared with practical sedimentation behavior and show 
good agreement. Thus the microhydrodynamic model has been shown to be a 
valid description of the sedimentation process progressing in a turbulent 
field. 
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1 

0.8 - 
I - 0.6 
I 
--. 
N 

0.4 

0.2 

0 
0.01 

FIG. 12. Effect of the decay of turbulent energy supplied on the lower level of the suspension 
on the sedimentation behavior of polydispersed alumina particles (dp = 5-20 pm): 
(1) Do = 1.22 X m2/s, (2) DO =0.95 X m2/s, (3) DO = 0.63 X m2/s, 
(4) Do = 0.36 X m2/s. (Solid lines correspond to a1 = 1 ,  

a2 = 3, PI = 1 ,  and P2 = 4.5, while plots are experimental results.) 
m2/s, (5) DO = 0.24 X 
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SYMBOLS 

a, b 
ci 

Ci. 0 

constants involved in Eq. (14) 
concentration of solid particles in ith class of size fraction 

Ci at z =zo (-) 
(-1 
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FIG. 13.  Effect of the decay of turbulent energy supplied 3.1 the upper level of the suspension 
fin thc sedirneirtation behavior of monodispersed alun.iina particles (ifp = 13 pn): 
(1 )  Do = 0.24 X 10 ni2/s. (2) Do -= 0.30 X 1W4 rn’/s. (3)  Do =; 0.63 X !0 tn’/s, 
(4)  La,, = 0.95 X mz/s. ( 5 )  Lao 1.22 X in2is. (Solid lines corrcsporid to 0 1  = 0.8, 

a2 =. 3. p1 =z 0.8. and ,fiz = 3.5,  wliilc plots arc: experimental results.) 

turbulent diffusion coefficient of a single solid particle jm’/’s) 
turbulent diffusion coefficient of solid particles (m’/s) 
particle diameter (pm) 
suspension height (In) 
diffusion current JI(LA) 
fluctuating component of diffusion current (PA j 
distance from the S O I I ~ C C  of turbulence (in) 
Eulerian velocity correlation function (-) 
time i s )  
flow velocity (rnls j  
mean velocity (rn/s) 
fluctuating velocity (m/s) 
fluctuating velocity observed (rn,’:;) 
fiuctuating velocity of continuous phase (111is) 

settling velocity of a siilgle solid particle in ith class of size 
fraction (ni/s) 
settling velocity of solid particles in ith class of size fraction 

space coordinates 
(m/s> 
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Greek 

constants involved in Eq. (2) 
constants involved in Eqs. ( 3 )  and (4) 
constants involved in Eq. (16) 
constant involved in Eq. (8) 
constant involved in Eq. ( 13) 
integral space scale of turbulence (mm) 
kinematic viscosity (m2/s) 
Eulerian integral time scale (ms) 
time (ms) 
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